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Reminder on Derivatives 
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Quick presentation made in class of 
the main categories of derivatives 
and short reminder… 
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Types 
 Commitments 

 

 

 

 

 Insurances 
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Profiles (1) 
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Profiles (2) 
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How do we value them? 
 Commitments 

 

 

 

 

 Insurances 
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Some theoretical elements, as a 
review, and for some of you, seen in 
the course of Derivatives more in 
detail. We will need to have these 
elements for us in our course, but 
focusing less on valuation than on uses 
and hedging with them. We will get 
back to them when needed. 
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Financial markets 
 Exchange traded 

» Traditionally exchanges have used the open-outcry system, but 
increasingly they are switching to electronic trading 

» Contracts are standard; there is virtually no credit risk 

» Ex: 

 NYSE: stock trading 

 CBOT + CBOE: trading of futures and options 

» The exchange 

 Clearinghouse 

 Clearing members 

 Over-the-counter (OTC) 
» A computer- and telephone-linked network of dealers at financial 

institutions, corporations, and fund managers 

» Contracts can be non-standard; there is some small amount of credit risk 

» Phone conversations are taped 
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The products 
 Plain-vanilla 

» Long/short positions 

» Forwards & Futures 

» Swaps 

» Standard options 

 Exotics 
» Asian options 

» Basket options 

» Binary or digital options 

» Compound options 

» Barrier options 

» Lookback options 

» ... 

 Structured products 
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The agents 
 Hedgers 

 Speculators 

 Arbitrageurs 

 

 Some of the largest trading losses in derivatives have occurred 
because individuals who had a mandate to be hedgers or 
arbitrageurs switched to being speculators  
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The products (2) 
 

Source:  Quarterly Derivatives Fact Sheet, The Office of the Comptroller of the Currency (OCC), 

Administrator of the National Banks, USA. 
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The products (2) 
 

Source:  Quarterly Derivatives Fact Sheet, The Office of the Comptroller of the Currency (OCC), 

Administrator of the National Banks, USA. 
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The products (3) 
 

Source:  Quarterly Derivatives Fact Sheet, The Office of the Comptroller of the Currency (OCC), 

Administrator of the National Banks, USA. 
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The products (4) 
 

Source:  Quarterly Derivatives Fact Sheet, The Office of the Comptroller of the Currency (OCC), 

Administrator of the National Banks, USA. 
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The revenues in 2007 
 

Source:  Quarterly Derivatives Fact Sheet, The Office of the Comptroller of the Currency (OCC), 

Administrator of the National Banks, USA. 
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BIS Worldwide OTC statistics 
 

Source:  BIS market statistics (http://www.bis.org/statistics), 2007 
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BIS Worldwide exchange-traded statistics (1) 

Source:  BIS market statistics (http://www.bis.org/statistics), 2007 
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BIS Worldwide exchange-traded statistics (2) 
 

Source:  BIS market statistics (http://www.bis.org/statistics), 2007 
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Short-selling 
 Short selling involves selling securities you do not own 

 Your broker borrows the securities from another client and sells 
them in the market in the usual way 

 At some stage you must buy the securities back so they can be 
replaced in the account of the client 

 You must pay dividends and other benefits the owner of the 
securities receives 
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Forward contract 
 Contract/agreement whereby parties are committed: 

» to buy (sell) 

» an underlying asset 

» at some future date (maturity) 

» at a delivery price (forward price) set in advance  

 Forward contracts trade in the over-the-counter market 

 They are particularly popular on currencies and interest rates 

 Trading: 
» Buying forward = "LONG" position 

» Selling forward = "SHORT" position 

 Cash-flows: 
» t0 : No cash flow 

» T : Obligation to transact 

 Market 
» Allows to liquidate position by taking a reverse one 

 Particularities: 
» Cash settlement vs. physical delivery 
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Cash flows 
 Notations 

» ST  Price of underlying asset at maturity 
» Ft   Forward price (delivery price) set at time t < T  

                    

 

 

 Initial cash flow = 0  : delivery price equals forward price. 

 Credit risk during the whole life of forward contract. 

 Locking-in the result before maturity 
» At time t1: Enter a new forward contract in opposite direction. 

 Ex : long forward at forward price F1 

» At time t2 (< T ): Short forward at new forward price F2 

» Gain/loss at maturity : 
 (ST - F1)  +  (F2 - ST ) = F2 - F1   no remaining uncertainty 

Position Initiation Maturity T 

Long 0 ST - Ft 

Short 0 Ft - ST 
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Definition 
 Traded standardized version of forward 

» Institutionalized forward contract with daily settlement of gains and losses 
»  Standardized: 

 Maturity 
 Face value of contract 
 Quality 

 Traded on an organized exchange 
» Clearing house 

 Daily settlement of gains and losses (Marked to market) 
» In a forward contract: 

 Buyer and seller face each other during the life of the contract 
 Gains and losses are realized when the contract expires 
 Credit risk 

–          BUYER                       SELLER 
» In a futures contract 

 Gains and losses are realized daily (Marking to market) 
 The clearinghouse garantees contract performance : steps in to take a position 

opposite each party 

–    BUYER         CH           SELLER 
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Margin requirements 
 Elements 

» INITIAL MARGIN : deposit to put up in a margin account by a person 
entering a futures contract 

» MAINTENANCE MARGIN : minimum level of the margin account 
» MARKING TO MARKET :  

 

 

 

 

 Equivalent to writing a new futures contract every day at the new 
futures price 
(Remember how to close of position on a forward) 

 Note: timing of cash flows different 

 

CASH FLOWS 

Change in futures price LONG(buyer) SHORT(seller) 

Ft+1  - Ft + Size × (Ft+1 - Ft) - Size × (Ft+1 - Ft) 
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Example: Barings  
 Long position on 20,000 Nikkei 225 Futures 

 1 index pt = Yen 1,000 = $ 10 
» If Nikkei 225 = 20,000  

» Size of contract = $ 200,000  position =$ 4,000 mio 

   

 

 

 

 

 Loss   =  F  $/pt  # contracts 

                = (-2,250)  ($ 10)  (20,000)   = $ 450,000,000 

 

Date Nikkei 225 

30.12.94 19,723 

25.02.95 17,473   F = - 2,250 
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Pricing  Key ideas 
 DECOMPOSITION 

» Two different ways to own a unit of the underlying asset at maturity: 

1. Buy spot (SPOT PRICE: St) and borrow  

 => Interest and inventory costs  

2. Buy forward (AT FORWARD PRICE Ft) 

 By the AOA, in perfect markets, no free lunch. 
» The 2 methods should cost the same. 
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Pricing  Decomposition (no income) 
 Notations 

 Ft  : Forward price set at time t 
 K   : Delivery price  
 ft : Value of forward contract 

   (When contract initiated : K = F  f = 0) 
 T : Maturity 

 Decomposition : compare the two equivalent following strategies 

 

 

 

 

 

 

 Synthetic forward contract: 
» Long position on the underlying asset 
» Short position on a zero coupon with face value = Ft 

Position Cash flow t Cash flow T 

Long forward 0 ST - Ft 

Buy spot - St + ST 

& borrow + St - Ft 

26 Prof. Hugues Pirotte 



Final Pricing 
 No arbitrage opportunity : in a perfect capital market, value of forward 

contract = value of synthetic forward contract 
» ft = St - K  d(t,T)t = St - PV(K) 
» With continuously compounded interest rate: 

 ft = St - Ke-r(T-t) 

 Forward price : Delivery price such that ft = 0 
» Ft = St / d(t,T) =  FV(St) 
» With continuously compounded interest rate: 

 Ft = St e
r(T-t) 

 

 Also: 

 Ft = St e
r(T-t) 

  ft =(Ft - K) e-r(T-t)  
» ft>0  Ft>K  
» ft=0  Ft=K  
» ft<0  Ft<K 
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Arbitrage 1: Cash and carry 
 If forward price quoted on the market (K) is greater than its 

theoretical value (Ft) 
» K > Ft = St expr(T-t)   PV(K) > St 

 As: ft = (Ft-K)  d(t,T), ft < 0 
» The “true value” of the contract is negative. 

» But the market price for the contract is 0. 

» Hence, the contract is overvalued by the market. 

  Cash-and-carry arbitrage : 
» Sell overvalued forward  

» Buy synthetic forward:  buy spot and borrow 
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Cash and carry: Arbitrage table 
 

 

 

 

 

 

 Conclusion: 
» To avoid arbitrage, CFt = -St + Ke-r(T-t)  0 

 K  St e
r(T-t), ft  St – Ke-r(T-t) 

 Note: 
» the arbitrage could be designed to obtain a future profit at time T by 

borrowing St  

 CFt = 0 and CFT = K – St er(T-t) > 0 

 Cash flows  CFt CFT 

(1) Buy spot - St + ST 

(2) Borrow +PV(K) -K 

(3) Sell fwd 0 K-ST 

TOTAL -St + PV(K) > 0 0 
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Arbitrage 2: Reverse cash and carry 
 If forward price quoted on the market (K) is less than its 

theoretical value (Ft) 
» K < Ft = St expr(T-t)     PV(K) < St 

 As: ft = (Ft-K)  d(t,T), ft > 0 
» The “true value” of the contract is positive. 

» But the market price for the contract is 0. 

» Hence, the contract is undervalued by the market. 

  reverse cash-and-carry arbitrage : 
» Buy undervalued forward (futures) 

» Sell synthetic forward (futures)  
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Reverse cash and carry : arbitrage table 
(with future profit) 

 

 

 

 

 

 

 To avoid arbitrage, St e
r(T-t) - K  0 

 K  St e
r(T-t) = Ft, ft  t - Ke-r(T-t) 

 Note: 
» the arbitrage could be designed to obtain an immediate profit at time t by 

investing PV(K)  

 CFt = St - PV(K) > 0 and CFT = 0 

 Cash flows  CFt CFT 

(1) Sell spot +St - ST 

(2) Invest - St + St e
r(T-t) 

(3) Buy forward 0 + (ST-K) 

TOTAL 0 St e
r(T-t) - K > 0 
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Equilibrium 
 If both arbitrage are possible: 

» ft = St - Ke-r(T-t) 

 When the contract is initiated: 
» K = F  &  f = 0 

» 0 = St - Ft e
-r(T-t) 

» Ft = St e
r(T-t) 
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Definition 
 DEFINITION : 

SPOT PRICE - FUTURES PRICE 
» bt = St – Ft 

 Depends on: 
» level of interest rate 

» Time to maturity 
( as maturity ) 

 

 

Sp o t p r i ce

Fu tu re s  p r i ce

tim e
T

F
T

= S
T
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Basis risk: Numerical Example    r = 10.00% 
 Mois   T-t St Ft BASE ft  
 0 1.000 100.00 110.52 -10.52 0.00  
 1 0.917 104.42 114.44 -10.02 3.58  
 2 0.833 109.15 118.63 -9.49 7.47  
 3 0.750 111.63 120.32 -8.69 9.10  
 4 0.667 111.75 119.46 -7.70 8.36  
 5 0.583 111.09 117.76 -6.67 6.83  
 6 0.500 106.63 112.10 -5.47 1.51  
 7 0.417 105.06 109.53 -4.47 -0.95  
 8 0.333 107.33 110.96 -3.64 0.43  
 9 0.250 106.68 109.38 -2.70 -1.11  
 10 0.167 103.50 105.24 -1.74 -5.19  
 11 0.083 101.34 102.19 -0.85 -8.26  
 12 0.000 101.35 101.35 0.00 -9.16  
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Extensions: Known dividend yield 
 q : dividend yield p.a. paid continuously 

 F =  e-q(T-t) St  e
r(T-t) = St e

(r-q)(T-t) 

 

 Examples: 
» Forward contract on a Stock Index 

 r = interest rate 

 q = dividend yield 

 Foreign exchange forward contract: 
 r = domestic interest rate (continuously compounded) 

 q = foreign interest rate (continuously compounded) 
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Extensions: Commodities 
 

 I = - PV of storage cost (negative income) 

 

 

 

 q = - convenience yield 
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Valuation of futures contracts 
 If the interest rate is non stochastic, futures prices and forward 

prices are identical 

 NOT INTUITIVELY OBVIOUS: 
» Total gain or loss equal for forward and futures 

» but timing is different 

 Forward : at maturity 

 Futures  : daily 
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Forward price & expected future price 
 Is F an unbiased estimate of E(ST) ? 

» F < E(ST) Normal backwardation  

» F > E(ST) Contango  

 

 F = E(ST) e(r-k) (T-t) 

» If k = r F = E(ST)  

» If k > r F < E(ST)  

» If k < r F > E(ST)  
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Swaps 
 Contract/agreement whereby parties are committed:  

» To exchange cash flows 

» At future dates 

» according to certain specified rules 

 Two most common contracts: 
» Interest rate swaps (IRS) 

» Currency swaps (CS) 

 Ex: Uses of an IRS 
» Converting a liability from 

 fixed rate to floating rate  

 floating rate to fixed rate  

» Converting an investment from  

 fixed rate to floating rate 

 floating rate to fixed rate  
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Definition of plain vanilla interest rate swap 
 Contract by which 

» Buyer (long) committed to pay fixed rate R 

» Seller (short) committed to pay variable r (Ex:LIBOR) 

 
» on notional amount M 

» No exchange of principal 

» at future dates set in advance  

» t + t, t + 2 t, t + 3t , t+ 4 t, ... 

 

 Most common swap : 6-month LIBOR 
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Interest Rate Swap Example 
    Objective    Borrowing conditions 

                    Fix         Var 

A     Fix         5%     Libor + 1% 

B     Var        4%    Libor+ 0.5% 

 

 

Swap: 
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Gains for each company 

                         A                 B 

Outflow       Libor+1%       4% 

                      3.80%          Libor 

Inflow           Libor            3.70% 

Total             4.80%        Libor+0.3%   

 Saving         0.20%           0.20% 

 

A free lunch ?                 

 

A Bank B 

Libor Libor 

4% Libor+1% 

3.80% 3.70% 



Other example 
 Ex: an agreement to receive 6-month LIBOR & pay a fixed rate of 

5% per annum every 6 months for 3 years on a notional principal 
of $100 million 

 ---------Millions of Dollars--------- 

LIBOR FLOATING  FIXED  Net 

Date Rate Cash Flow Cash Flow Cash Flow 

Mar.5, 2007 4.2% 

Sept. 5, 2007 4.8% +2.10 –2.50 –0.40 

Mar.5, 2008 5.3% +2.40 –2.50 –0.10 

Sept. 5, 2008 5.5% +2.65 –2.50 +0.15 

Mar.5, 2009 5.6% +2.75 –2.50 +0.25 

Sept. 5, 2009 5.9% +2.80 –2.50 +0.30 

Mar.5, 2010 6.4% +2.95 –2.50 +0.45 
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IRS Decompositions 
 IRS:Cash Flows (Notional amount = 1, = t ) 

TIME 0  2  ... (n-1)  n    
 Inflow  r0   r1   ... rn-2   rn-1    
 Outflow  R   R   ... R   R    

 Decomposition 1: 2 bonds, Long Floating Rate, Short Fixed Rate 
TIME 0     2  … (n-1)  n    
 Inflow  r0   r1   ... rn-2   1+rn-1    
 Outflow  R   R   ... R   1+R    

 

 Decomposition 2: n FRAs 

 TIME  0    2  … (n-1)      n    

  Cash flow          (r0 - R)  (r1 -R)  …        (rn-2 -R)   (rn-1- R)   
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Valuation of an IR swap 
 Since a long position position of a swap is equivalent to: 

» a long position on a floating rate note 

» a short position on a fix rate note 

 Value of swap ( Vswap ) equals: 
» Value of FR note Vfloat -  Value of fixed rate bond Vfix 

Vswap = Vfloat - Vfix 

 Fix rate R set so that Vswap = 0 
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Valuation of a floating rate note 
 The value of a floating rate note is equal to its face value at each payment date (ex interest). 

 Assume face value  = 100 

 At time n:    Vfloat, n  = 100 

 At time n-1: Vfloat,n-1
 = 100 (1+rn-1)/ (1+rn-1) = 100 

 At time n-2: Vfloat,n-2
 = (Vfloat,n-1+ 100rn-2)/ (1+rn-2) = 100 

 and so on and on…. 

Vfloat 

Time 

100 
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Swap Rate Calculation 
 Value of swap: fswap =Vfloat  - Vfix = M -  M [R S di  +  dn] 

 where dt = discount factor 

 Set R so that fswap = 0  R = (1-dn)/(S di) 

 Example 3-year swap - Notional principal = 100 

Spot rates (continuous) 

Maturity                       1              2                3 

Spot rate                      4.00%     4.50%        5.00% 

Discount factor           0.961      0.914         0.861 

 

 R = (1- 0.861)/(0.961 + 0.914 + 0.861) = 5.09% 
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Swap: portfolio of FRAs 
 Consider cash flow i : M (ri-1 - R) t 

» Same as for FRA with settlement date at i-1 

 Value of cash flow i = M di-1- M(1+ Rt) di 

 Reminder: Vfra = 0 if Rfra = forward rate Fi-1,I 

 Vfra t-1 
» > 0 If swap rate R   >   fwd rate Ft-1,t  

» = 0 If swap rate R   =   fwd rate Ft-1,t  

» <0 If swap rate R   <   fwd rate Ft-1,t  

 => SWAP VALUE  = S Vfra t 
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Other types 
 Floating-for-floating interest rate swaps, amortizing swaps, step 

up swaps, forward swaps, constant maturity swaps, compounding 
swaps, LIBOR-in-arrears swaps, accrual swaps, diff swaps, cross 
currency interest rate swaps, equity swaps, extendable swaps, 
puttable swaps, swaptions, commodity swaps, volatility 
swaps…….. 
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Options 
 Standard forms 

» Call: right to buy tomorrow something at a today’s fixed price 

 Buyer’s payoff at maturity: 

 Value today: 

 

» Put: right to sell tomorrow something at a today’s fixed price 

 Buyer’s payoff at maturity: 

 Value today: 

 

   ,0T TMax S K S K


  

 0
QrT

Te S K
  

   ,0T TMax K S K S


  

 0
QrT

Te K S
  
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Payoff profiles 
 European Options payoff profiles at maturity 

Payoff 

at maturity 

Underlying 

Price 

Payoff 

at maturity 

Underlying 

Price 

Payoff 

at maturity 

Underlying 

Price 

Payoff 

at maturity Underlying 

Price 
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Graph of European call 
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Example: Insurance with a put  
 Strategy 1.   

» Buy one share + one put 

 At maturity T:  

K

ST

Value at maturity

K

Date ST<K K > ST 

Share value ST ST 

Put value (K - ST) 0 

Total value K ST 
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Example: Another strategy to achieve the same result 

 Strategy 2  
» Buy one call + invest PV(K) 

 At maturity T:  

 

 K

ST

Value at maturity

K

Call

Investment

Strategy 2
Date ST<K K > ST 

Call value 0 ST - K 

FutVal(PV(K)) K K 

Total value K ST 
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Valuation 
 Standard forms 

» Features: American/European 

» Pricing: Binomial/Black&Scholes/Simulations/Finite differences... 

» Parameters? S,K,, r,T 
Sto ck p r i ce

Tim et T

K 
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Black-Scholes model 
 Call price 

 

 

 

 Put price 

 Parameters 
» S =current value of underlying 

» K =strike price 

» T =time-to-maturity 

»  =standard deviation of S/S 

» r =riskfree rate 

» y =dividend rate=opportunity cost of waiting, etc... 

» N(z) =cumulative standard normal probability density from - to z 

   21 dNKedNSeC rTqT  

T
T

Ke

Se

d

rT

qT



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ln

1 




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









tTdd  12

   12 dNSedNKeP qTrT  
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(European) Put-Call parity 
 The two strategies are equivalent in cash flows 

» By the AOA  should have the same cost/price  

    S0 + P = C + PV(K) 
   S0 + P = C + Ke-rT 

where 
 S0: current stock price 
 P : current put value 
 C : current call value 
 PV(K) : present value of the strike price 

 Decomposition of a European call option 
» C = S0 + P - PV(K) 
» Buying a European call is equivalent to: 

  buying of stock 
  buying a put               (insurance) 
  borrowing the PV(K)    (leverage) 

 Decomposition of a forward 
» C - P = S - PV(K) = Forward 
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